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A PAIR OF QUASI-INVERSE FUNCTORS FOR AN
EXTENSION OF PERVERSE SHEAVES
DELPHINE DUPONT
Abstract. In [MV86], the authors show that on a Thom-Mather
space X the category PervX of perverse sheaves is equivalent to
the category C(F,G, T ) whose objects are data of perverse sheaves
on the complementary of the closed strata S, a local system on S
and some gluing data. To show this equivalence of categories, they
define a functor C going from the category PervX to the category
C(F,G, T ). This definition is based on the notion of perverse link.
They do not define a quasi-inverse of this functor. moreover they
have to consider first the case where S is contractible and then
they extend the equivalence to the topological case using the stack
theory. In this paper we propose to consider what we call a perverse
closed set which is a bit different from a perverse link in order to
define a quasi-inverse to the functor C. Moreover we treat directly
the topological case without using stack theory.
Introduction
Let (X,Σ) be a Thom-Mather space and S a closed stratum. In
[MV86], the authors describe the category PervΣ of Σ-perverse sheaves
in an elementary way. They give the first step to an inductive method.
Hence they show the equivalence between the category PervΣ and a
category whose objects are data of a perverse sheaf on X0 = X\S, a
locally constant sheaf on S and some gluing data. Their first idea was
to consider the triangle:
RΓSF → F → RΓX0F
Indeed, a perverse sheaf F is isomorphic to the cone of the morphism:
RΓX0F −→ RΓSF [1]
and it is easy to show that RΓX0F depends only of the restriction of F
to X0. More precisely, they show that this morphism can be defined up
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to isomorphism from the data of F |X0 , a local system on S and some
gluig data. Hence they introduce a category called zig-zag category,
wich objects are this kind of data but this category is not equivalent
to PervX . They define a functor from PervΣ to the zig-zag category
and they show that this functor is a bijection on the classes of objects
and full, but not faithful. Actually, this comes from the fact that even
if we can define functorially a morphism of complexes of sheaves from
the data of an object of the zig-zag category, taking the cone of such a
morphism is not functorial.
Hence they have to introduce a new category C(F,G, T ). It is de-
fined from the data of two functors F and G and a natural transform
T depending of a choice of a set called perverse link and they show
that this category is equivalent to the category PervΣ. To show the
equivalence they don’t define a couple of quasi-inverse functors: first
they show it in the case where S is contractible using the zig-zag cat-
egory, then they extend the equivalence to the topological case using
the stack theory.
The purpose of this paper is to give an equivalence of PervΣ with the
category C(F ′, G′, T ′) where the data F ′, G′ and T ′ are sightly different
from the one in [MV86], notably based on a different definition of a
perverse closed set, but for which the couple of quasi-inverse functors
is explicit. One other advantage of this point of view is that we treat
the topological case directly without using the stack theory.
The point is that if K is a closed set with good properties and L is
its complement in X , a perverse sheaf F is functorially isomorphic to
the cone of the morphism:
RΓLF −→ RΓKF [1]
This comes from the lemma 2.7 that can’t be apply in the preceding
case. Moreover this morphism can be functorially defined up to iso-
morphism from the data of an object in C(F ′, G′, T ′) using a classical
property of sheaves on stratified space.
This paper is organized as follow. In section 1 we first recall the
construction given by McPherson and Vilonen in [MV86] of an abelian
category from the data of two abelian categories, two functors and a
natural transform. Then we recall a classical gluing property of sheaves
on a stratified space. These propositions are key fact in the main proof.
Then in section 2 we define what we call a perverse closed set. It allows
us to define two functors F and G and a natural transform T from F
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to G, in order to define the new category C(F,G, T ). But even if this
category is slightly different from the one of MacPherson and Vilonen,
the object are still data of a perverse sheaf on X0 a local system on S
and gluing data. The only change appear on the gluing data. Then
using the gluing property of sheaves on a stratified space we define the
two functors C : PervX → C(F,G, T ) and P : C(F,G, T ) → PervX
and we show that they are quasi-inverse.
1. Preliminaries
1.1. The abelian category C(F,G, T ). Let us recall the definition
and some properties of the category C(F,G, T ) defined by MacPherson
and Vilonen in [MV86].
Let A and B be two categories, F : A → B and G : A → B two
functors and T : F → G a natural transformation.
Definition 1.1. We denote C(F,G, T ) the category whose:
• objects are the families (A,B, u, v) where A is an object of A,
B is an object of B and u : F (A) → B and v : B → G(A) are
morphisms of B such that the following diagram commutes:
F (A)
TA //
u
""D
DD
DD
DD
D
G(A)
B
v
<<zzzzzzzz
• morphisms between two objects (A,B, u, v) and (A′, B′, u′, v′)
are the data of a couple of morphisms (a, b) where a : A → A′
is a morphism of A and b : B → B′ is a morphism of B such
that the diagram commutes:
FA
TA //
u
%%L
LL
LL
LL
LL
L
Fa

GA
Ga

B
v
99rrrrrrrrrr
b

FA′ //
u′ %%L
LL
LL
LL
LL
GA′
B′
v′
99rrrrrrrrr
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Proposition 1.2. If A and B are abelian, if F is right exact and G is
left exact then C(F,G, T ) is abelian.
1.2. Gluing of sheaves. Now let us recall a classical property of
sheaves on a space stratified by two strata. In fact we give an an-
swer to the question: “what supplementary data are needed to recover
a sheaf from the data of its restrictions to each stratum ?”. More pre-
cisely we show the equivalence between the category of sheaves and
a category whose objects are data of a sheaf on each stratum plus a
morphism of sheaves.
Let X be a topological space, F a closed set of X and U the com-
plement of F in X . One denotes i and j the embeddings:
i : F →֒ X, j : U →֒ X
Definition 1.3. Let SF be the category whose
• objects are the data of a triple (FF ,FU , f) where FF and FU
are sheaves on respectively F and U and f is a morphism of
sheaves:
f : FF −→ i
−1j∗FU
• morphisms between two objects (FF ,FU , f) and (GF ,GU , g) are
couples (φF , φU) of morphisms of sheaves φF : FF → GF , φU :
FU → GU such that the diagram commutes:
FF
f
//
φF

i−1j∗FU
i−1j∗φU

GF g
// i−1j∗GU
Proposition 1.4. The category ShX of sheaves on X is equivalent to
the category SF .
Proof. We just define a couple of functors, the fact that they are quasi-
inverse is left to the reader.
We denote RF the “restriction” functor going from ShX to SF defined
by:
RF : ShX −→ SF
F 7−→ (F |F ,F |U , η)
(φ : F → G) 7−→ (φ |F , φ |U)
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where η is the restriction of the natural morphism given by the adjunc-
tion:
η : i−1F −→ i−1j∗j
−1F .
Let us denote GF the “gluing” functor going from SF to ShX that
associate to a family (FF ,FU , f) the pull-back of the diagram:
i∗FF
i∗f

j∗FU η
// i∗i
−1j∗FU
Where η is the natural morphism given by the adjunction between the
functors i∗ and i
−1.
If (φF , φU) is a morphism from (FF ,FU , f) to (GF ,GU , g) the commu-
tations conditions and the universal property assure the existence of a
morphism from GF
(
(FF ,FU , f)
)
to GF
(
(GF ,GU , g)
)
. This morphism
is the image of (φF , φU) by GF . 
Now let us suppose that U is an open dense set in X . This implies
that the couple (F, U) is a stratification of X .
Let us recall that a constructible sheaf relatively to the stratification
(F, U) is a sheaf which the restrictions to U and F are locally constant
sheaves. One denotes CstShF the full sub-category of ShX whose ob-
jects are constructible sheaves. In the same way, let us denote CstSF
the full-subcategory of SF whose objects are the families with locally
constant sheaves on F and on U . The restriction of RF to CstShF and
the restriction of GF to CstSF are a couple of quasi-inverse functors.
2. Extension of perverse sheaves
Let (X,Σ) be a Thom Mather space with only one closed stratum
S of minimal dimension d, X0 its complement X\S and i and j the
embeddings:
j : X0 →֒ X ; i : S →֒ X
We denote Σ0 the stratification of X0 given by the stratification Σ mi-
nus the stratum S.
In this section we use the preceding construction with A the cate-
gory of Σ0-perverse sheaves on X0 and B the category of locally con-
stant sheaves on S. Hence objects of the category C(F,G, T ) will be a
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quadruple (F ,L, u, v) where F is a perverse sheaf on X0, L a locally
constant sheaf on S and u and v morphisms of sheaves that satisfy a
commutation condition. The morphisms u and v formed the gluing
data.
In a first time we define the functors F , G and the natural transform
T to defined C(F,G, T ) these definitions are based on the notion of
perverse closed set. Then we define a couple of quasi-inverse C and P
between the categories PervΣ and C(F,G, T ).
Definition 2.1. Let K be a closed set of X and L be its complement
in X , it is a perverse closed set if for any perverse sheaf F ∈ PervΣ0
we have:
• ∀k < −d, RkΓKRj∗F = 0,
• ∀k ≥ −d, RkΓLRj∗F = 0,
Proposition 2.2. Perverse closed set exists.
Examples
• Let us consider the topological space Cn stratified by the nor-
mal crossing stratification, according to Galligo, Granger and
Maisonobe [GGM85] the set Rn is a perverse closed set.
• Let X = {(u, v, w) ∈ C3 | uw = v2} be the affine toric variety.
The 2-torus act on X :
(C∗)2 ×X : −→ X
((t1, t2), (u, v, w)) 7−→ (t1u, t1t2v, t1t
2
2w)
The orbits of this action provide a Whitney stratification. Then
the set X ∩ {(u, v, w) ∈ C3 | u ∈ R+, w ∈ R+} is a perverse
closed set for this stratification. Let us show it:
Remark 2.3. If K is a perverse closed set and L is its complement
in X , then L ∩ S = ∅. Indeed let us consider K and L a closed set
an its complement in X and the perverse sheaf CS[d] where CS is the
constant sheaf supported by S. If x ∈ L ∩ S we have:
(R−dΓLCS[d])x ≃ (ΓLCS)x = C
and K is not a perverse closed set.
Now let us fix a perverse closed set K, L will denote its complement
in X , let jL and iK the embeddings of respectively L and K in X :
jL : L →֒ X ; iK : K →֒ X
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Definition 2.4. Let us denote respectively F and G the functors de-
fined by:
F : PervΣ0 −→ LcShS
F 7−→ (R−d−1ΓLRj∗F) |S
G : PervΣ0 −→ LcShS
F 7−→ (R−dΓKRj∗F) |S
We denote TF the natural transformation:
TF : (R
−d−1ΓLRj∗F) |S−→ (R
−dΓKRj∗F) |S
The aim of this paper is to show that the category C(F,G, T ) is
equivalent to the category PervΣ, defining a couple of quasi-inverse
functors. Let us remark that as the functors F and G are different, the
category C(F,G, T ) is different from the one given by MacPherson and
Vilonen, but the difference is only on the gluing data.
In order to define these functors, we need to prove this lemma on
perverse closed set.
Lemma 2.5. Let K be a closed set and L its complement in X.
(i) The closed set K is a perverse closed set if and only if for all
perverse sheaf F ∈ PervΣ we have:
– ∀k < −d, RkΓKF = 0
– ∀k ≥ −d, RkΓLF = 0
(ii) If K is a perverse closed set then for any perverse sheaves F ∈
PervΣ we have:
RΓKF ≃ R
−dΓKF [d]
Proof. The first implication of (i) and (ii) can both be shown using the
perversity conditions and the triangle:
RΓKF → F → RΓLF
The second implication of (i) can be deduced from the fact that for
each perverse sheaf F on X0 there exists a perverse sheaf on X such
that its restriction to X0 is isomorphic to F . 
Let us define the functor C from the category PervΣ to the category
C(F,G, T ). This definition is similar to the one given by MacPherson
and Vilonen in [MV86], the only change comes from the different defi-
nition of the functors F and G.
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Let F be a perverse sheaf on X . It follows from the remark 2.3 that
the natural morphism:
RΓLF −→ RΓLRj∗j
−1F
is an isomorphism. Hence if we denote u the composition of the inverse
of this isomorphism with the natural morphism:
i−1R−d−1ΓLF −→ i
−1R−dΓKF
and v the natural morphism:
i−1R−d−1ΓKF −→ i
−1R−dΓKRj∗j
−1F ,
then the diagram commutes:
F (i−1F)
T //
u
''OO
OO
OO
OO
OO
O
G(i−1F)
i−1R−d−1ΓKF
v
77ooooooooooo
Moreover, all these operations are functorial.
Definition 2.6. We denote C the functor going from PervΣ to C(F,G, T )
defined, with the above notation, by:
C : PervΣ −→ C(F,G, T )
F 7−→ (j−1F , i−1R−dΓKF , u, v)
We are now going to define the functor P : C(F,G, T ) → PervΣ
quasi-inverse of C. But let us first give a general idea of the construc-
tion. Let (G,L, u, v) be an object of C(F,G, T ). Let us recall that G is
a perverse sheaf on X0, L a locally constant sheaf on S and u and v
are morphisms of sheaves such that the following diagram commutes:
i−1R−d−1ΓLRj∗G
T //
u
''NN
NN
NN
NN
NN
NN
i−1R−dΓKRj∗G
L
v
88qqqqqqqqqqqq
Starting from this data and using the “gluing” functor GS defined in
the preceding section we define a morphism of sheaves, denoted φ from
R−d−1ΓLRj∗G to a sheaf B. Then as RΓLRj∗G is concentrated in degree
less than −d − 1 we have:
HomShX (R
−d−1ΓLRj∗G,B) ≃ Ext
1(RΓLRj∗G,B[−d])
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Hence the morphism φ defined a morphism Φ of complexes of sheaves.
The perversity conditions of the closed set K and of the perverse sheaf
G allow us to apply the following lemma to show that the cone of such
a morphism is unique.
Lemma 2.7. Let K be a triangulated category. Let us consider the
commutative diagram:
A
u //
α

B
v //
β

C
w //
γ

A[1]
α[1]

A′
u′
// B′
v′
// C ′
w′
// A′[1]
then there exists a morphism α such that the diagram commutes. If
moreover we have:
HomK(B,C
′[−1]) = HomK(C,B
′) = 0
then the morphism α is unique.
Proof. See [Mai88]. 
Hence we define the image of (G,L, u, v) by P to be the cone of Φ.
Moreover this lemma shows that taking the cone of such a morphism
is functorial.
Now let us define properly the functor P. Let ג := (G,L, u, v) be an
object of C(F,G, T ). The family (L, j−1R−dΓKRj∗G, v˜) where v˜ is the
composition of the morphism v with the adjonction morphism η:
η : i−1R−dΓKRj∗G −→ i
−1j∗j
−1R−dΓKRj∗G
is an object of SS in the same way the couple (u, δ) where δ comes
from the natural triangle is a morphism in SS from (i
−1R−d−1ΓLRj∗G,
j−1R−d−1ΓLj∗G) to (L, j
−1R−dΓKRj∗G, v˜). Let us denote Bג the sheaf
GS
(
(L, j−1R−dΓKRj∗G, v˜)
)
and φג the morphism GS
(
(u, δ)
)
:
φג := GS
(
(u, δ)
)
: R−d−1ΓLRj∗G −→ Bג
As RΓLRj∗G is concentrated in degree smaller than −d − 1 the two
complexes RΓLRj∗G and τ
≤−d−1RΓLRj∗G are isomorphic. Let us de-
note Φג the morphism of complexes defined by the composition of the
natural morphisms and φ shifted by −d− 1:
RΓLRj∗G
∼
→ τ≤−d−1RΓLRj∗G → R
−d−1ΓLRj∗G[−d − 1]
φג[d+1]
→ Bג[−d]
10 D. DUPONT
If (g, l) is a morphism in SS from ג = (G,L, m, n) to ג
′ = (G ′,L′, m′, n′)
we can associate using the gluing functor GS a morphism b(g,l) from Bג
to Bג′ such that the diagram commutes:
RΓLRj∗G
Φג //
RΓLRj∗g

Bג
b(g,l)

RΓLRj∗G
′
ג
// Bג′
Moreover we have b(id,id) = Id and if (g, l) and (g
′, l′) are two compos-
able morphisms then we have b(g,l) ◦ b(g′,l′) = b(g◦g′,l◦l′) The following
lemma is the central point of the definition of the functor P.
Lemma 2.8. The cone of Φג is unique and moreover the application
which associate this cone to an object of C(F,G, T ) is functorial.
Proof. First, let us fix, for every object ג of C(F,G, T ) a cone P(ג) of
Φג. To show the lemma it suffice to show that if (g, l) is a morphism in
SS from ג = (G,L, u, v) to ג
′ = (G ′,L′, u′, v′), then there exist a unique
morphism such that the diagram commutes:
(2.1) RΓLRj∗G //
RΓLRj∗g

Bג[d] //
b(g,l)

P(ג)

RΓLRj∗G
′ // Bג′ [d] // P(ג
′)
By definition of a triangulated category we know that such a morphism
exists then let us show that it is unique. Because of the degree of the
complexes we have:
Hom(B[d], RΓLRj∗G
′) = 0
Moreover, as RjL∗ is a left adjoint of j
−1
L we have:
Hom(RΓLRj∗G,B
′[d]) = Hom(j−1L Rj∗G, j
−1
L B
′[d])
but B′ is supporting by K, hence the complex is null. Then the lemma
2.7 applies. We denote P
(
(g, l)
)
this morphism. 
Definition 2.9. Using the above notation, we denote P the functor
going from the category C(F,G, T ) to the derived category of sheaves
with constructible cohomology which associate:
• to an object ג of C(F,G, T ) the cone of the morphism Φג,
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• to a morphism (g, l) : ג→ ג′ in C(F,G, T ) the unique morphism
such that the diagram 2.1 commutes.
The following lemma is going to be very useful.
Lemma 2.10. Let ג = (G,L, u, v) be an object of C(F,G, T ), then the
restriction of P(ג) to X0 is naturally isomorphic to G.
Proof. First the complex j−1P(ג) is naturally isomorphic to the cone of
the morphism j−1Φג. Then let us remark that because of the perversity
condition of the closed set K the complex j−1Rj∗G is the unique cone
of the morphism:
j−1RΓLRj∗G
[+1]
−→ j−1RΓKRj∗G[1]
In view of the definition of Bג and as the functors RS and GS are
quasi-inverse, there exists a natural isomorphism between j−1Bג and
j−1RΓKRj∗G such that the following diagram commutes:
j−1RΓLRj∗G
j−1Φ
// j−1Bג[d]
j−1RΓLRj∗G
[1]
// j−1RΓKRj∗G[1]
As in the proof of lemma 2.8, we show that the lemma 2.7 applies.
Hence there exists a natural isomorphism between j−1P(ג) and j−1Rj∗G.
It remains to say that j−1Rj∗G is naturally isomorphic to G. 
Proposition 2.11. The functor P takes values in the category PervΣ.
Proof. Let ג = (G,L, u, v) be an object of C(F,G, T ). The proof is
based on the following result showed in [BBD82].
Proposition 2.12. Let Y be a closed submanifold of X of dimension
d and U its complement in X. Let us denote i and j the embeddings
i : Y →֒ X and j : U →֒ X. Let F be a complex with constructible
cohomology, then F is a perverse sheaves if and only if:
• j−1F is a perverse sheaves,
• i−1F is concentrated in degrees lesser than −d,
• (RΓYF) |Y is concentrated in degrees bigger than −d.
We have already seen (lemma 2.10) that the complex j−1P(ג) is
perverse.
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Let us consider the complex RΓSP(ג). It is isomorphic to the cone of
the morphism RΓSΦג defined before:
RΓSΦג : RΓSRΓLRj∗P(ג) −→ RΓSB[d]
But according to remark 2.3, S∩L = ∅, the first complex is null. This
shows that RΓSP(ג) is concentrated in degrees bigger than −d.

Theorem 2.13. The functors P and C are quasi-inverse.
Proof. The proof of this theorem is essentially based on the lemma 2.7
and on the fact that the functors RS and GS are quasi-inverse.
Let us first prove that the functor PC is isomorphic to the identity. Let
ג = (G,L, u, v) be an object of C(F,G, T ). We denote H the perverse
sheaves P(ג) = H and ג′ = (H |X0 , R
−dΓKH |S, u
′, v′) the quadruple
CP(ג) = ג′. We have already seen (lemma 2.10) that j−1H is naturally
isomorphic to G. Let us consider the sheaf (R−dΓKH) |S. The complex
RΓKH is isomorphic to the cone of the morphism:
RΓKΦג : RΓKRΓLRj∗G −→ RΓKBג[d]
But as L∩K = ∅ and as Bג is supported by K then RΓKH is naturally
isomorphic to Bג[d]. Hence we have:
(R−dΓKH) |K≃ Bג |K
Hence by definition of Bג and as RS and GS are quasi-inverse, the
sheaves (R−dΓKH) |K and L are naturally isomorphic. Moreover, these
isomorphisms commutes with the morphisms of sheaves u′ and v′.
Now let us show that CP is isomorphic to the identity. Let F be a
perverse sheaf on X . Let us recall the notations, the sheaf BC(F) is the
image by GS of the triplet
(
(R−dΓKRj∗j
−1F) |X0 , (R
−dΓKF) |S, v˜
)
,
BC(F) = GS
((
(R−dΓKRj∗j
−1F) |X0 , (R
−dΓKF) |S, v˜
))
where v˜ is the composition of the morphisms:
i−1R−dΓKF → i
−1R−dΓKRj∗j
−1F → i−1j∗j
−1R−dΓKF
The complex F is the unique cone of the morphism:
RΓLF
[+1]
−→ RΓKF [1]
Indeed, the perversity conditions of the closed set K and of the complex
F allow us to apply the lemma 2.7. Hence to show that CP is isomor-
phic to the identity it suffices to define two natural isomorphisms such
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that the following diagram commutes:
R−d−1ΓLRj∗j
−1F
φC(F)
// BC(F)
R−d−1ΓLF [+1]
// R−dΓKF
Let us denote δ the natural morphism:
δ : R−d−1ΓLF −→ R
−d−1ΓLRj∗j
−1F
and γ be the natural morphism:
γ : R−dΓKF −→ R
−dΓKRj∗j
−1F
The couple (i−1γ, Id) is an isomorphism in SS from RS(R
−dΓKF) to(
(R−dΓKRj∗j
−1F) |X0 , (R
−dΓKF) |S, v˜
)
. Moreover as the suitable dia-
gram of morphisms of sheaves onX0 and on S commutes and as RS and
GS are a couple of quasi-inverse, we obtain that the following diagram
commutes:
R−d−1ΓLRj∗j
−1F
δ
φC(F)
// BC(F)
GS((i
−1γ,Id))
GSRS(R
−d−1ΓLF)
GSRS([+1])
// GSRS(R
−dΓKF)
Then composing this isomorphisms with the one given by the quasi-
inversibility of RS and GS, we obtain the looked isomorphisms.

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